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Double real radiation corrections to tt¯ production at
the LHC: the gg → tt¯qq¯ channel
G. Abelof, A. Gehrmann–De Ridder
Institute for Theoretical Physics, ETH, CH-8093 Zu¨rich, Switzerland
Abstract: We present the double real radiation contributions to the tt¯ hadronic produc-
tion cross section stemming from the partonic process gg → tt¯qq¯. We explicitly construct
the antenna subtraction terms for this gluon-gluon initiated process starting from the dou-
ble soft behaviour of the double real radiation matrix elements using soft currents. Those
subtraction terms, given in leading and subleading colour contributions, require the use of
new genuine NNLO four-parton antenna functions involving massive fermions. Those are
also presented together with their infrared limits in this paper. We checked the validity
of our subtraction terms numerically by showing that the ratio between the real radia-
tion matrix elements and the subtraction terms approaches unity in all single and double
unresolved regions of phase space.
Keywords: QCD, Jets, Collider Physics, NLO and NNLO calculations with massive
particles.
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1. Introduction
With a mass mt = 173±1.3 GeV, the top quark is the heaviest quark produced at colliders
and due to its narrow width, it decays before it hadronises. Since its discovery at the
Fermilab Tevatron [1,2], a number of its properties (mass, couplings) have been determined
to an accuracy of ten to twenty per cent. With the large number of top quark pairs expected
to be produced at the LHC [3], more accurate experimental measurements will become
available, with some observables such as the tt¯ production cross section, being measured
with an accuracy of the order of five percent. These very precise measurements have to be
matched unto equally accurate theoretical predictions. Therefore, fixed-order calculations
of these observables need to be considered at least at next-to-leading (NLO), if not even
at next-to-next-to-leading order (NNLO) in perturbative QCD.
NLO predictions for top quark pair production cross sections in the narrow width
approximation have been known already for some time [4], and more recently off-shell
effects and spin correlations between the production and the decay of the top quarks
have been included in [5–8]. The next-to-leading-logarithmic resummation (NLL) are also
known [9–11], and even the NNLL resummation effects have been completed in [12]. These
predictions combined yield a theoretical uncertainty of the order of ten per cent. The same
precision is available for single top quark production [13], top-pair-plus-jets production [14–
16] and for top-pair-plus-bottom-pair production [17,18].
At NNLO, an increasing number of intermediate results have become available re-
cently. Most notably, the inclusive total hadronic tt¯ production cross section induced by
the all-fermion partonic processes has been computed [19,20]. NNLO calculations involving
massive quarks require the same ingredients as their massless counterparts, namely, double
real dσRR, mixed real-virtual, dσRV , and double virtual contributions dσV V . For top pair
production, the double virtual corrections built with one-loop amplitudes squared have
been fully evaluated in [21–23]. Although the full two-loop matrix elements are not yet
available, there is on one hand a purely numerical evaluation of the qq¯ → tt¯ channel [24],
and on the other hand analytical results in both the quark-antiquark and gluon-gluon
initiated channels have been obtained in [25–27]. The infrared structure of the one-loop
amplitudes for the mixed real-virtual contributions has been studied in [28].
While infrared singularities from purely virtual corrections are obtained immediately
after integration over the loop momenta, their extraction is more involved for real emission
(or mixed real-virtual) contributions. There, the infrared singularities only become explicit
after integrating the matrix elements over the phase space appropriate to the differential
cross section under consideration. Since hadronic observables depend in general in a non
trivial manner on the experimental criteria used to define them, they can only be calculated
numerically. The computation of hadronic observables including higher order corrections
therefore requires a systematic procedure to cancel infrared singularities among different
partonic channels before any numerical computation of the observable can be performed.
Subtraction methods explicitly constructing infrared subtraction terms which coincide
with the full matrix element in the unresolved limits and are sufficiently simple to be
integrated analytically are well-known solutions to this problem. Starting from methods
– 2 –
for subtraction at NLO [29–33], several NNLO subtraction methods have been proposed
in the literature [28,34–49], and have been worked out to a varying level of sophistication.
Numerical methods not directly based on subtraction have also been proposed [50–62].
Employing a subtraction method, the NNLO partonic cross section for a hadronic
observable can be written as [48,49]
dσˆNNLO =
∫
dΦm+2
(
dσˆRRNNLO − dσˆSNNLO
)
+
∫
dΦm+2
dσˆSNNLO
+
∫
dΦm+1
(
dσˆRVNNLO − dσˆV SNNLO
)
+
∫
dΦm+1
dσˆV SNNLO +
∫
dΦm+1
dσˆMF,1NNLO
+
∫
dΦm
dσˆV VNNLO +
∫
dΦm
dσˆMF,2NNLO. (1.1)
In this equation, dσˆSNNLO denotes the subtraction term for the (m+ 2)-parton final state
which behaves like the double real radiation contribution dσˆRRNNLO in all singular limits.
Likewise, dσˆV SNNLO is the one-loop virtual subtraction term coinciding with the one-loop
(m+ 1)-final state dσˆRVNNLO in all singular limits. The two-loop correction to the (m+ 2)-
parton final state is denoted by dσˆV VNNLO. In addition, as there are partons in the initial
state, two mass factorisation contributions, dσˆMF,1NNLO and dσˆ
MF,2
NNLO, for the (m + 1)- and
m-particle final states respectively, need to be taken into account.
For QCD observables involving massive final state particles, fewer subtractions terms
are required since the real matrix elements develop singular behaviours in fewer regions
of phase space than in the massless case. Indeed, for those observables, QCD radiation
from massive particles can lead to soft divergencies but cannot lead to strict collinear
divergencies, since the mass acts as an infrared regulator. The quasi-collinear logarithms
[63–66] of the form log(m2t/sij) are not enhanced in the kinematical configuration under
consideration, and we shall therefore ignore them, as it is also done in [19,20].
At NLO, the computation of hadronic observables can be performed using an exten-
sion of the dipole formalism presented in [64, 65]. Alternatively, the antenna subtraction
formalism extended to include the treatment of observables involving massive fermions can
also be used [63,66].
Within the antenna subtraction formalism, originally developed for the computation
of jet observables in e+e− annihilation [47] and which uses colour ordering properties of
amplitudes in a crucial manner, the subtraction terms are constructed using the funda-
mental factorisation properties of QCD amplitudes and phase spaces in their collinear and
soft limits. These terms rely on the following essential ingredients:
(1) A set of antenna functions of various types, which capture all unresolved radiation
emitted between two hard partons, the radiators. These can be either massless or
massive and depending on where the two radiators are located, in the initial or in
the final state, we distinguish three types of antennae: final-final, initial-final and
initial-initial.
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(2) An exact momentum conserving and Lorentz invariant phase space factorisation
based on 3 → 2 and 4 → 2 mappings between on-shell partons in all three con-
figurations.
(3) Phase-space mappings defining the momenta present in the factorised form of the
matrix elements in terms of the original momenta present in the real radiation matrix
elements for which the subtraction terms are constructed.
The subtraction terms are then built with products of antenna functions and reduced
matrix elements squared in all three configurations: final-final, initial-final and initial-
initial. The framework for the construction of NNLO antenna subtraction terms for
hadronic jet observables (involving massless partons) has been set up in [48, 49] in the
context of a proof-of-principle implementation of the contribution of the purely gluonic
contributions to di-jet production at hadron colliders.
Compared to the massless antenna formalism, the presence of massive partons in the
final states modifies the subtraction terms in a non-trivial way. Parton masses lead to mod-
ified kinematics and have to be taken into account for the phase space factorisations [67].
Furthermore, non-vanishing masses also modify the soft behaviour of the real radiation
matrix elements as will be explained in section 5.
In [63, 66], the antenna subtraction method was extended at the NLO level and em-
ployed to compute the real NLO corrections to the tt¯ and tt¯ + jet hadronic production
cross section. In [67] we extended the method to the NNLO level, and derived the double
real emission corrections to tt¯ hadronic production cross section coming from all partonic
channels involving fermions only. The aim of this paper is to show how, within the frame-
work presented in [67], partonic processes involving gluons can also be evaluated. We shall
employ this formalism to evaluate the double real contributions to the hadronic top quark
pair production arising from the partonic process gg → QQ¯qq¯. Although the framework
established in [67] can be used, new essential ingredients are required here, as the infrared
structure of the partonic process dealt with in this paper differs significantly from the
infrared behaviour of the all-fermion processes treated in [67].
The paper is organised as follows: In section 2, we briefly present the infrared structure
of double real contributions of jet observables at hadron colliders. In section 3 we give a list
of all genuine new NNLO massive four-parton tree-level antennae required in our calculation
while in section 4 we list the behaviour of these antennae in their infrared limits. In section
5, we first present the double soft behaviour of the real matrix element associated to the
process gg → QQ¯qq¯. This enables us to construct the subtraction term capturing the
double unresolved features of the double real matrix elements explicitly. All subtraction
terms required to capture the single and double unresolved behaviour of the double real
matrix elements in leading and subleading colour will be given in that section too. In
section 6, we test the validity of the subtraction terms. We check that the ratio between
the real radiation matrix elements and the corresponding subtraction terms approaches
unity in all single and double unresolved limits. Finally, section 7 contains our conclusions
and an outline. Three appendices are also enclosed: appendix A includes a list of the single
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unresolved factors needed in the context of our calculation, appendix B contains a list of
all tree-level three-parton antennae together with their infrared limits, while the known
four-parton antennae that are used in the construction of our subtraction terms are given
in appendix C.
2. Double real radiation contributions to heavy quark pair production
The double real emission contributions to pp→ QQ¯+(m−2)jets at the partonic level read
dσˆRRNNLO(p1, p2) = NRRNNLO
∑
m
dΦm+2(pQ, pQ¯, p5, . . . , pm; p1, p2)
× 1
Sm
|Mm+4(pQ, pQ¯, p5, . . . , pm; p1, p2)|2 J (m+2)m (pQ, pQ¯, p5, . . . , pm). (2.1)
≡ NRRNNLO
∑
m
dΦm+2(p3, . . . , pm+4; p1, p2)
× 1
Sm
|Mm+4(p3, . . . , pm+4, ; p1, p2)|2 J (m+2)m (p3, . . . , pm+4), (2.2)
where p1 and p2 are the momenta of the initial state partons and where the last line
is obtained by relabelling all final state partons. In eq.(2.2), Sm is a symmetry factor
for identical massless partons in the final state while the jet function denoted by J
(m+2)
m
ensures that out of m massless partons and a QQ¯ pair, an observable with a pair of heavy
quark jets in addition to (m − 2) jets, is built. The NNLO normalisation factor NRRNNLO
includes all QCD-independent factors as well as the dependence on the renormalised QCD
coupling constant αs. It is related to the normalisation factor present at leading order,
NLO, which depends on the specific process and parton channel under consideration. For
the process under consideration in this paper, this relation will be specified in section 5.∑
m denotes the sum over all configurations with m massless partons while dΦm+2 is the
phase space for an m+2-parton final state containing m massless and two massive partons
with total four-momentum pµ1 + p
µ
2 .
In eq.(2.2), |Mm+4|2 denotes a colour-ordered tree-level matrix element squared with
m + 2 final state partons, out of which two are massive and two are initial state par-
tons. These terms only account for the leading colour contributions to the squared matrix
elements, since subleading colour contributions involve in general interferences between
sub-amplitudes with different colour orderings. However, to keep the notation simpler we
denote these interference terms also as |Mm+4|2.
The NNLO contribution given in eq.(2.2) develops singularities if one or two final state
partons are unresolved (soft or collinear). Depending on the colour connection between
these unresolved partons, the following configurations must be distinguished [47,49]
(a) One unresolved parton but the experimental observable selects only m jets.
(b) Two colour-connected unresolved partons (colour-connected).
(c) Two unresolved partons that are not colour-connected but share a common radiator
(almost colour-unconnected).
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(d) Two unresolved partons that are well separated from each other in the colour chain
(colour-unconnected).
(e) Compensation terms for the over-subtraction of large angle soft emission.
This separation among subtraction contributions according to colour connection is valid in
all final-final, initial-final or initial-initial configurations and, in any of them, the subtrac-
tion formulae have a characteristic structure in terms of the required antenna functions.
This antenna structure has been derived for processes involving only massless partons, for
the final-final and initial-final cases in [47,68] and [49] for the initial-initial case. Note that
the presence of massive partons in the final state does not modify the general structure of
the subtraction terms required to match the unresolved features given above as explained
in [67].
For the partonic process gg → QQ¯qq¯ considered in this paper, the configuration (c),
the almost colour-unconnected case, and the configuration (e), regarding the treatment of
large angle soft radiation, do not occur. On one hand, the colour structure of the amplitude
for this process does not allow configuration (c) and, on the other hand, the absence of final
state gluons forbids configuration (e). The discussion of these configurations will therefore
be treated elsewhere. Furthermore, the general structure of the subtraction terms required
in configurations (a), (b) and (d) has been presented in great detail in [67]. Since for the
treatment of the double real emission contributions to the hadronic tt¯ production stemming
from the partonic process gg → QQ¯qq¯, this structure remains unchanged, it will not be
discussed further here either.
However, although the general structure of the subtraction terms constructed for the
all fermion processes and presented in [67] and the one of the partonic process dealt with
in this paper are comparable, the essential ingredients required to build these subtraction
terms are different. The antenna functions capturing the infrared behaviour of the real
matrix element and which depend on the nature of the partons involved in the process
under consideration are different. The new genuine NNLO four parton massive antennae
required to construct the subtraction term for the process gg → QQ¯qq¯ and presented in
section 5, will be derived in section 3 while their infrared limits will be given in section 4.
3. Antenna functions
Antenna functions are the key ingredients needed to build subtraction terms in the an-
tenna subtraction method and they can also be used as evolution kernels in parton show-
ers [69–72]. The general features of the different types of antenna functions needed for the
double real corrections to tt¯ production have been already discussed in [67]. We shall here
just recall that they are calculated as ratios of physical colour-ordered matrix elements
squared, they can be categorised according to the parton flavour that they collapse onto
in their singular limits, and according to whether the hard radiators are in the initial or
in the final state. While at NLO only three-parton tree-level antennae are needed, NNLO
subtraction terms in addition require three-parton one-loop antennae and four-parton tree-
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level antennae. The one-loop antenna, however, are not needed in the treatment of double
real radiation corrections.
For the subtraction terms that will be presented in section 5 for the partonic process
gg → QQ¯qq¯, the three-parton antennae that are needed are of A, D, E and F-type in
different configurations with massive and/or massless partons. All these antennae have
been computed and integrated in [47,63,66,73], with the exception of one flavour-violating
A-type antenna. This antenna function, which involves a gluon in the initial state, a
massive quark and a massless antiquark in the final state will be presented together with
its integrated form and infrared limits in appendix B. The unintegrated form of all other
required three-parton antennae will also be presented there for completeness.
The genuine NNLO four-parton antennae that are needed for the partonic process
under consideration are of B, E and G-type. The B and G-type antennae are known and
will be given in the appendix C. The E type antennae are new and shall be derived below.
For the labelling of the partons in the antenna functions used throughout this paper
we shall use the same conventions as in [67]: Massless quarks will be indexed with q while
massive ones with Q and their mass with mQ. Partons crossed to the initial state are
denoted with a hat. The first and the last particles in the argument of a given antenna are
the hard radiators, while the partons placed in between the radiators are the unresolved
particles. In order to make the mass-dependence in the expressions of the antenna functions
explicit, we define our invariants as sij = 2pi · pj . Finally, for conciseness, the O(ǫ) pieces
of the antenna functions will be omitted.
The B-type antenna required to define our subtraction terms is massive and is only
needed in its final-final form. It is obtained from the ratio of the matrix elements squared
for the physical processes γ∗ → QQ¯qq¯ and γ∗ → QQ¯, and it is used to subtract the infrared
singularities associated to the emission of an unresolved qq¯ pair between the massive QQ¯
radiator pair. This final-final massive B-type antenna is known in unintegrated and inte-
grated form [74], and will be given in the appendix for completeness. Its infrared limits
will be recalled in section 4.
We also use a massless four-parton G-type antenna in its initial-initial form. The
expression of this antenna is obtained by crossing two gluons in the corresponding final-
final massless G-type antenna, which has been defined in [47] as the ratio of the processes
H → ggqq¯ and H → gg. This antenna is needed to subtract the infrared singularities
associated to the emission of a massless qq¯ pair radiated between the initial state gluons.
Its unintegrated form will be given in the appendix while its infrared limits, which have not
been documented so far, will be presented in section 4. Note as well, that the integrated
form of this antenna has just been derived in [75].
The new massive four-parton E-type antenna functions are needed in their initial-final
form. They can be obtained by crossing the gluon in the corresponding final-final E-type
antennae, which are derived from the ratio of the processes χ˜ → g˜gqq¯ and χ˜ → g˜g with
the massive gluino g˜ playing the role of the massive (anti) quark of mass mQ. The full
amplitude for the process χ˜→ g˜gqq¯ contains leading and subleading colour pieces [76]. By
squaring the leading colour piece, in which the qq¯ is emitted between the gluino and the
gluon in the colour chain, the E04 antenna is obtained, while, by squaring the subleading
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colour piece, in which the gluon is emitted between the qq¯ pair, the E˜04 antenna is obtained.
The infrared limits of these E-type antennae derived below will be given in section 4.
Note also that, there is on-going work [77] towards the integration of these initial-final
massive antennae.
To account for the infrared limits associated to the emission of an unresolved qq¯ pair
between a massive (anti) quark and an initial state gluon we use the following antenna
function,
E04(1Q, 3q, 4q¯, 2ˆg) =
1(
Q2 +m2Q
)2{ s13s14s12s234 + s14s12s34s24 [−s13s23 + s213 + s214]
+
s14
s12s34s134
[
2s14s23 + 2s14s24 + s
2
23 − s224
]
+
s14
s12s24s234
[−s13s23 + s213 + s214]+ s14s12s24 [2s13 + 2s14 − s23]
+
4s14s
2
12s23
s234s134s234
+
s14
s234s134
[
+ 4s12s14 + 4s14s23 + 4s14s24
+8s12s24 + 4s
2
12 + 4s23s24 + 4s
2
24
]
− s14
s34s24s134
[
2s12s14 + s14s23 − 2s214 − s12s23 − s212
]
+
s14
s34s2134
[−4s12s23 − 4s12s24 − 2s212 − 4s23s24 − 2s223 − 2s224]
− s14
s234
+
s214
s234s
2
134
[−4s12s23 − 4s12s24 − 2s212 − 4s23s24 − 2s223 − 2s224]
− 1
s12s34s234
[
s13s
2
14 + s
2
13s14 − s213s23 + s313 + s214s23 + s314
]
− 1
s12s34
[
s13s14 − 3s13s23 − s13s24 + 2s213 + s14s23 − s14s24
+4s214 + s23s24 + s
2
23
]
− 1
s12s134
[
s13s24 − s14s23
−2s14s24 − s23s24 + s224
]
− 1
s12
[s13 + 2s14 − s23 − s24]
− s12
s34s134s234
[
2s14s23 + 8s
2
14 − 2s12s23 + 2s212 + 2s223
]
− s23
s234s234
[
4s13s14 − 8s12s13 + 4s13s23 + 4s213 + 4s14s23 + 4s12s23
+4s212
]
+
s223
s234s
2
234
[−4s13s14 + 4s12s13 − 2s213 + 4s12s14 − 2s214 − 2s212]
+
1
s234
[
4s13s12 − 4s13s23 + 4s13s24 − 2s213 − 4s14s12 − 4s14s23
−4s14s24 + 4s12s23 − 4s12s24 − 2s212 − 2s224
]
+
1
s34s134
[
s12s14 + 7s14s23 − s14s24 + 7s214 + s12s23 + 7s12s24
+6s212 + 2s23s24 + s
2
23 + 3s
2
24
]
+
1
s34s234
[
− 6s12s13 − 2s13s23 + 4s213
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+4s14s23 + 6s
2
14 + 5s
2
12
]
+
1
s34
[3s13 + 2s14 − 6s12 − 6s23 − s24]
+
s23
s24s
2
234
[
2s13s14 − 2s12s13 + s213 − 2s12s14 + s214 + s212
]
− 1
s24s134s234
[
s12s13s14 − s13s14s23 − s13s214 + s12s13s23 + 3s212s14
−3s12s214 + s314 − s312
]
− 1
s24s134
[
s12s13 − s12s14 − s214 + s212
]
− 1
s24s234
[
2s12s13 − 2s13s23 − s213 − 3s12s14 − s14s23 + 4s214
+s12s23
]
+
1
s24
[2s13 − 2s14 + s34]
+
1
s2134
[−2s12s23 − 2s12s24 − s212 − 2s23s24 − s223 − s224]
+
1
s134s234
[
s13s14 + 3s12s13 − s213 − 4s12s14 − s214 − 3s212
]
+
1
s134
[−3s13 + 6s14 + 3s23 − 2s24] + 2
+mQmχ
[
− s12
s24s134
+
3
s34
− s14
s34s134
+
s14s23
s24s34s134
− 2
s134
− s23
s24s345
+
2s23
s34s345
− 1
s345
− 4s14
s12s24
+
1
s12s34
[s24 − s13]
+
s14s23
s12s24s34
− s24
s12s134
− s14
s12s34s134
[s23 + 3s24]
− 2s
2
14
s12s234s134
[s23 + s24] +
s13
s345s12
− s14s23
s24s345s12
− 2s13s23
s34s345s12
+
2s223
s234s345s12
[s13 + s14]
+
2
s12s234
[s13s23 + s14s23 − s13s24 + s14s24]
]
+m2Q
[
s12
s24s134
− 4
s34
+
2
s34s134
[2s12 − s14 + s23 + 3s24] + 2s23
s34s345
− 1
s134s345
[s12 + s14 + s23 + s24] +
s23
s24s134s345
[s12 − s14]
− 4s23
s34s134s345
[s23 + s14] +
1
s345
+
1
s34s12
[4s14 − 2s23 − 3s24]
− 2
s34s2134
[
s212 + 2s12s23 + 2s12s24 + s
2
23 + s
2
24 + 2s23s24
]
+
1
s12s134
[2s23 − s24] + 1
s12s34s134
[
2s223 + 5s14s23 + 2s
2
24 − s14s24
]
+
2
s12s234s134
[
s214s23 + s
2
14s24
]− 2
s12s34s345
[−2s223 + s13s23 − 2s14s23]
− 2s
2
23
s12s
2
34s345
[s13 + s14]− 2
s12s
2
34
[s13s23 + s14s23 − s13s24 + s14s24]
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+
2
s12
− 2
s212
[s13 + s14 − s23 − s24]− 2s23
s12s345
− 2
s212s34
[
s213 − 2s13s23 + s214 + s223 + s224 − 2s14s24
] ]
+m3Qmχ
[
4
s212
− 2
s12s34s134
[s23 + s24]
]
+
2m4Q
s12s34s134
[s23 + s24]
}
+O(ǫ),
(3.1)
where Q2 = −(p1+p3+p4−p2)2,mχ =
√
Q2, s134 = s13+s14+s34 and s234 = s34−s23−s24.
In order to account for the triple collinear limits that involve a massless qq¯ pair and
an initial state gluon in those sub-leading colour amplitudes in which the gluon is placed
between the quark and the antiquark in the gluon chain, we employ the following E˜04
antenna
E˜04(1Q, 3q, 4q¯, 2ˆg) =
1(
Q2 +m2Q
)2{ 1s23s24
[
− 2s12s13 − 2s12s14 − 2s12s34 + 2s212
+2s13s34 + 2s
2
13 + 2s14s34 + 2s
2
14
]
+
s23
s2234s24
[
− 2s12s13 − 2s12s14
+s212 + 2s13s14 + s
2
13 + s
2
14
]
+
s24
s23s2234
[
− 2s12s13 − 2s12s14 + s212
+2s13s14 + s
2
13 + s
2
14
]
− 1
s234s24
[
4s12s13 + 2s12s14 + s12s23 − 2s212
−2s13s14 − s13s23 − 2s213 − s14s23
]
− 1
s23s234
[
2s12s13 + 4s12s14
+s12s24 − 2s212 − 2s13s14 − s13s24 − s14s24 − 2s214
]
−mQmχ
[
2s24
s23s234
+
4s234
s23s24
+
2s23
s234s24
+
4
s23
+
4
s24
]}
+O(ǫ),
(3.2)
with Q2, mχ, s134 and s234 given as above. Both E-type antennae are normalised to the
tree-level two-parton matrix element∣∣M02(χ˜g → g˜)∣∣2 = 4(1 − ǫ) [Q2 +m2Q]2 . (3.3)
4. Infrared limits of massive NNLO antennae
The factorisation properties of QCD tree-level squared amplitudes have been extensively
studied in [78–81]. While at NLO only single soft and collinear singularities may arise,
at NNLO, several double unresolved configurations involving two soft and/or collinear
particles can arise. In the first part of this section, we shall list all double unresolved
factors arising in the unresolved limits of the antennae needed to construct our subtraction
term presented in section 5, while in the second part we shall list the infrared limits of all
required four-parton antennae. The single unresolved factors have been already discussed
in [63,67,73] and will be given in the appendix A for completeness.
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4.1 Double unresolved factors
In general, when two particles are unresolved in a tree-level process, a variety of different
configurations can arise:
(1) two soft particles,
(2) two pairs of collinear particles,
(3) three collinear particles,
(4) one soft and two collinear.
As we saw in section 2, the resulting double unresolved configurations of the colour-
ordered matrix element squared need to be separated into three categories depending on
the colour connections of the unresolved partons and the hard radiators associated with
them. In the following, we shall describe only the double unresolved factors encountered
in the context of this paper, which correspond to the configurations (1), (2) and (3) listed
above, but not to (4), since the process gg → QQ¯qq¯ does not have any soft-and-collinear
limits.
For unresolved particles that are disjoint in the colour chain, which arise in the item
(d) as presented in section 2, the colour-ordered matrix elements squared factorise into
the product of two disjoint single unresolved factors multiplied by a reduced matrix el-
ement with two partons less than the original colour-ordered matrix element squared.
In the process that we are considering in this paper, the only double unresolved colour-
unconnected limits that can occur are double collinear (anti) quark-gluon limits, with each
single collinear pair given by a final state (anti) quark and an initial state gluon. The
unresolved factor associated to this limit is a product of two splitting functions of the
type given in eqs.(A.2-A.9). Note that none of the four-parton antennae required for our
subtraction term captures these double collinear singularities. These are accounted for by
subtraction terms involving the product of two three-parton antennae.
The colour-connected double unresolved limits the partonic process gg → QQ¯qq¯ de-
velops are:
A) Triple collinear limits involving an initial state gluon and a massless final state quark-
antiquark pair.
B) Double soft limits of a massless final state qq¯ pair emitted between massive or massless
radiators.
These colour-connected double unresolved limits are captured by four-parton antenna func-
tions and arise in subtraction terms dσS,bNNLO. In the following, we shall give the massive
and massless double unresolved factors associated with these two types of limits.
A) Massless triple collinear factors
In those regions of phase space where three colour-connected massless partons (a, b, c) be-
come collinear, a generic colour-ordered amplitude squared denoted by |M0n(. . . , a, b, c, . . .)|2
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factorises as:
|M0n(. . . , a, b, c, . . .)|2 → Pabc→P |M0n−2(. . . , P, . . .)|2. (4.1)
where the three colour-connected final state particles (a, b, c) cluster to form a single parent
particle P . The triple collinear splitting function for partons a, b and c clustering to form
the parent parton P is generically denoted by,
Pabc→P (w, x, y, sab, sac, sbc, sabc), (4.2)
where w, x and y are the momentum fractions of the clustered partons,
pa = wpP , pb = xpP , pc = ypP , with w + x+ y = 1. (4.3)
In addition to its dependence on the momentum fractions carried by the clustering partons,
the splitting function also depends on the invariant masses of parton-parton pairs and the
invariant mass of the whole cluster. The explicit forms of the triple collinear splitting
functions Pabc→P are obtained by retaining terms in the colour-ordered matrix element
squared that possess two of the ‘small’ denominators sab, sac, sbc and sabc.
The triple collinear limits which have to be considered here are those involving the
massless final state quark-antiquark pair and one of the initial state gluons. The splitting
functions for these types of (initial-final) triple collinear limits can be obtained from the
analoguous limit where the three collinear particles are in the final state [78,81].
The clustering of a gluon with a quark-antiquark pair into a parent gluon has two
distinct functions depending the colour connection of the collinear particles. In leading
colour contributions where the gluon is emitted “outside” the quark-antiquark pair, the
following non-abelian splitting function is obtained
Pgq¯q→G(w, x, y, sgq¯ , sq¯q, sgq¯q) =
− 1
s2gq¯q
(
4
sgq¯
sq¯q
+ (1− ǫ)sq¯q
sgq¯
+ (3− ǫ)
)
− 2 (xsgq¯q − (1− w)sgq¯)
2
s2q¯qs
2
gq¯q(1− w)2
+
1
sgq¯sgq¯q
(
(1− y)
w(1− w) − y − 2w − ǫ−
2x(1− y)(y − w)
(1− ǫ)w(1− w)
)
+
1
sgq¯sq¯q
(
x
(
(1− w)3 − w3)
w(1− w) −
2x2 (1− yw − (1− y)(1− w))
(1− ǫ)w(1 − w)
)
+
1
sq¯qsgq¯q
(
(1 +w3 + 4xw)
w(1− w) +
2x (w(x− y)− y(1 + w))
(1− ǫ)w(1− w)
)
. (4.4)
In those sub-leading colour pieces where the gluon is emitted “between” the quark-antiquark
pair in the colour chain, one obtains a QED-like splitting function
P˜qgq¯→G(w, x, y, sqg , sgq¯, sq¯q, sqgq¯) =
− 1
s2qgq¯
(
(1− ǫ)sqq¯
sqg
+ 1
)
+
1
sgq¯sqg
(
(1 + x2)− x+ 2wy
1− ǫ
)
− 1
sqgsqgq¯
(
1 + 2x+ ǫ− 2(1− y)
(1− ǫ)
)
+ (sqg ↔ sgq¯, w ↔ y). (4.5)
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The triple collinear splitting functions given in eqs.(4.4) and (4.5) correspond to con-
figurations in which all three collinear particles are outgoing. As mentioned above, in the
present calculation we do not deal with these limits (indeed, there are not enough massless
particles in the final state to have final-final triple collinear limits). Instead, we deal with
triple collinear limits where one of the partons (a gluon) is in the initial state. In this case,
initial-final triple collinear splitting functions arise. They are related to their final-final
counterparts as follows [81]
Pgq¯q←G(z3, z2, z1, sgˆq¯, sqq¯, sgˆq¯q) =
Pgq¯q→G(1/z3,−z2/z3,−z1/z3,−sgq¯, sqq¯, sqq¯ − sgq¯ − sqg)
P˜qgq¯←G(z1, z3, z2, sqgˆ, sgˆq¯, sqq¯, sqgˆq¯) =
P˜qgq¯→G(−z1/z3, 1/z3,−z2/z3,−sqg,−sgq¯, sqq¯, sqq¯ − sgq¯ − sqg),
(4.6)
where z1 and z2 are the momentum fractions final state quark and antiquark respectively,
and z3 = 1− z1 − z2.
B) Massive double soft factor
When a massless quark-antiquark pair becomes soft between two hard radiators, sub-
amplitudes squared factorise into a double soft factor and a reduced matrix element squared
with the quark-antiquark pair removed from it. This double soft factor also depends on
the masses of the hard radiators. If the soft quark-antiquark pair is denoted by (c, d) and
the hard radiators (a, b) have masses ma and mb, the double soft factor is given by,
Sacdb(ma,mb) = 2(sabscd − sacsbd − sbcsad)
s2cd(sac + sad)(sbc + sbd)
+
2
s2cd
[
sacsad
(sac + sad)2
+
sbcsbd
(sbc + sbd)2
]
− 2m
2
a
scd(sac + sad)2
− 2m
2
b
scd(sbc + sbd)2
. (4.7)
This factor is obtained by setting pc → λpc, pd → λpd with λ→ 0 in the matrix elements
squared and was derived in [74] as the soft qq¯ limit of the massive final-final antenna
B04(Q, q¯, q, Q¯) and in [67] using current algebra. Note also that, the corresponding massless
factor [47,78] can be obtained from this massive one by setting the masses to zero.
4.2 Single and double unresolved limits of the four-parton antennae
In their infrared limits, the four-parton antennae of B, E and G types required to compute
the double real contributions to heavy quark pair production in hadronic collisions due to
the partonic process gg → QQ¯qq¯, and defined in section 3, yield the universal single and
double unresolved factors defined above. Additionally, some of these four-parton antennae
yield angular correlation terms in single collinear limits. These angular terms (denoted by
ang. below) arise when a gluon splits into a quark-antiquark pair or into two gluons, and
the way in which they are dealt with in the antenna subtraction method has been explained
in detail in [49,67,82,83] and will not be recalled here.
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In addition to the conventions already defined in section 3 for the labelling of the par-
tons present in antenna function, we shall denoted with (ij)α the momentum of the parent
partons in collinear limits. Thus, partons labelled with (ij)α will have momentum pi+pj in
final-final collinear limits, whereas their momentum will be given by pi − pj in the initial-
final case. The corresponding splitting functions are denoted as Pij→(ij)(z) when both
collinear particles are in the final state, and with Pij←(ij)(z) in initial-final collinear limits.
They are listed in appendix A.
Massive final-final B-type antennae
The massive final-final B-type antenna given in eq.(C.1) is only singular when the massless
qq¯ pair is soft or collinear. The behaviour of this antenna in each of these limits is given
by
B04(1Q, 4q¯, 3q, 2Q¯)
3q,4q¯→0−→ S1342(mQ,mQ) (4.8)
B04(1Q, 4q¯, 3q, 2Q¯)
3q||4q¯−→ 1
s34
Pqq¯→G(z)A
0
3(1Q, (34)g , 2Q¯) + ang.. (4.9)
Massless initial-initial G-type antennae
The massless initial-initial G-type antenna given in the appendix in eq.(C.3) has the fol-
lowing infrared limits
G04(1ˆg, 3q, 4q¯, 2ˆg)
3q,4q¯→0−→ S1342(0, 0) (4.10)
G04(1ˆg, 3q, 4q¯, 2ˆg)
1ˆg ||3q ||4q¯−→ Pgq¯q←G(z3, z2, z1, s13, s34, s134) (4.11)
G04(1ˆg, 3q, 4q¯, 2ˆg)
2ˆg ||3q ||4q¯−→ Pgq¯q←G(z3, z2, z1, s24, s34, s234) (4.12)
G04(1ˆg, 3q, 4q¯, 2ˆg)
3q ||4q¯−→ 1
s34
Pqq¯→G(z)F
0
3 (1ˆg, (34)g , 2ˆg) + ang. (4.13)
G04(1ˆg, 3q, 4q¯, 2ˆg)
1ˆg ||3q−→ 1
s13
Pqq¯←G(z)G
0
3(2ˆg, 4q¯, (̂13)q¯) (4.14)
G04(1ˆg, 3q, 4q¯, 2ˆg)
2ˆg ||4q¯−→ 1
s24
Pqq¯←G(z)G
0
3(1ˆg, 3q, (̂24)q). (4.15)
Massive intial-final E and E˜ -type antennae
The initial-final E-type antenna given in eq.(3.1) has a soft qq¯ limit, a triple collinear limit,
a final-final and an initial-final single collinear limits. The behaviour of this antenna in
each of these limits is
E04(1Q, 3q, 4q¯, 2ˆg)
3q,4q¯→0−→ S1342(mQ, 0) (4.16)
E04(1Q, 3q, 4q¯, 2ˆg)
2ˆg ||3q||4q¯−→ Pgq¯q←G(z3, z2, z1, s24, s34, s234) (4.17)
E04(1Q, 3q, 4q¯, 2ˆg)
3q ||4q¯−→ 1
s34
Pqq¯→G(z)D
0
3(1Q, (34)g , 2ˆg) + ang. (4.18)
E04(1Q, 3q, 4q¯, 2ˆg)
2ˆg ||4q¯−→ 1
s24
Pqq¯←G(z)E
0
3(1Q, 3q, (̂24)). (4.19)
The initial-final massive antenna D03(Q, g, gˆ) is obtained by crossing to the initial state one
of the gluons in its final-final counterpart. As it can be seen in eq.(4.18), it is the antenna
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onto which E04(Q, q, q¯, gˆ) collapses to in its single q||q¯ collinear limit. It will be given in the
appendix B.
The sub-leading colour antenna E˜04 has a QED-like triple collinear and two initial-final
single collinear limits:
E˜04(1Q, 3q, 4q¯, 2ˆg)
2ˆg ||3q ||4q¯−→ P˜qgq¯←G(z1, z3, z2, s23, s24, s34, s234), (4.20)
E˜04(1Q, 3q, 4q¯, 2ˆg)
2ˆg ||4q¯−→ 1
s24
Pqq¯←G(z)E
0
3 (1Q, 3q, (̂24)q) (4.21)
E˜04(1Q, 3q, 4q¯, 2ˆg)
2ˆg ||3q¯−→ 1
s23
Pqq¯←G(z)E
0
3 (1Q, 4q¯, (̂23)q¯). (4.22)
5. Top quark pair production at the LHC
In this section we shall present the double real emission contributions to tt¯ production
at the LHC due to the process gg → QQ¯qq¯. Together with these, we shall give their
corresponding antenna subtraction terms, which capture all single and double unresolved
limits of the leading and subleading colour pieces of the real radiation matrix elements
squared.
5.1 Conventions
To facilitate the reading of our expressions, we shall closely follow the notation in [63, 67]
for matrix elements and subtractions terms. The main points of our conventions recalled
here for clarity reasons, are the following: The matrix elements denoted withM represent
colour-ordered sub-amplitudes in which the coupling constants and colour factors are omit-
ted. Furthermore, to explicitly visualise the colour connection between particles in these
colour-ordered amplitudes, a double semicolon is used in the labeling of the partons present
in a given matrix element. This double semicolon is used for separating chains of colour-
connected partons. Partons within a pair of double semicolons belong to a same colour
chain, and adjacent partons within a colour chain are colour-connected. An antiquark (or
an initial state quark) at the end of a colour chain and a like flavour quark (or initial state
antiquark) at the beginning of a different colour chain are also colour-connected since the
two chains merge in the collinear limit where the qq¯ clusters into a gluon. We also denote
gluons which are photon-like and only couple to quark lines with the index γ instead of
g. In sub-amplitudes where all gluons are photon-like no semicolons are used, since the
concept of colour connection is not meaningful. A hat over the label of a certain parton
indicates that it is an initial state particle (for example, 1ˆq is an initial state quark with
momentum p1).
Concerning the notation in the subtraction terms, the conventions for the reduced
matrix elements are the same as those for the real radiation matrix elements discussed
above. The remapped final-state momenta are denoted with tildes and the remapped mo-
menta of initial state hard radiators are denoted by a bar and a hat, as used in other
papers [48, 49, 67]. In the four-parton antenna functions the hard radiators are “on the
edges” and the uresolved particles are “in the middle”.
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5.2 Double real radiation contributions
For two incoming hadrons, H1,H2, the hadronic heavy quark pair production cross section
may be written as
dσ =
∑
a,b
∫
dξ1
ξ1
dξ2
ξ2
fa/1(ξ1, µF ) fb/2(ξ2, µF ) dσˆab(ξ1H1, ξ2H2, µF , µR) . (5.1)
ξ1 and ξ2 are the momentum fractions of the partons of species a and b in both incom-
ing hadrons, fi being the corresponding parton distribution functions. dσˆab denotes the
parton-level scattering cross section for incoming partons a and b which depends on the
the renormalisation and factorisation scales denoted by µR and µF respectively. The par-
tonic cross section dσˆab has a perturbative expansion in the strong coupling αs which itself
depends on the renormalisation scale µR.
Following the general factorisation formula given in eq.(5.1) (if we omit the renormalisa-
tion and factorisation scale dependences) the contribution of the partonic process gg → QQ¯
to the leading order cross section for heavy QQ¯ production in hadronic collisions is
dσLOgg→QQ¯ =
∫
dξ1
ξ1
dξ2
ξ2
fg(ξ1)fg(ξ2)dσˆ
LO
gg→QQ¯. (5.2)
The leading order partonic differential cross section, written in terms of colour-ordered
matrix elements, is given by
dσˆLOgg→QQ¯ = NLOdΦ2(p1, p2; p3, p4)
[
Nc
(|M04(1Q, 3ˆg, 4ˆg, 2Q¯)|2 + |M04(1Q, 4ˆg, 3ˆg, 2Q¯)|2)
− 1
Nc
|M04(1Q, 3ˆγ , 4ˆγ , 2Q¯)|2
]
J
(2)
2 (p1, p2). (5.3)
In this equation, the normalisation factor NLO reads
NLO = 1
2s
×
(αs
2π
)2 C¯(ǫ)2
C(ǫ)2
× (N2c − 1)×
1
4(N2c − 1)2
, (5.4)
where s is the hadronic center of mass energy, (N2c − 1) comes from the colour sum, the
factor 1/4(N2c − 1)2 accounts for the averaging over the spin and colour of the incoming
two gluons, and (1/2s) is the hadron-hadron flux factor. The coupling is defined as usual:
αs = g
2/4π, C(ǫ) = (4π)ǫe−ǫγ/8π2, and C¯(ǫ) = (4π)ǫe−ǫγ . This way of expressing the
coupling factors, with each power of αs accompanied by a power of C¯(ǫ), keeps the coupling
dimensionless in dimensional regularisation. The phase space for the production of a QQ¯
pair of momenta p1 and p2 is given by dΦ2(p1, p2; p3, p4). In it, p3 and p4 are the momenta
of the initial state gluons. The jet function denoted by J
(2)
2 ensures that the top and the
antitop are in two separate jets.
The colour-ordered amplitudesM04 are related to the full amplitude M04 (1Q, 2Q¯, 3ˆg, 4ˆg)
through the colour decomposition
M04 (1Q, 2Q¯, 3ˆg, 4ˆg) = g
2(
√
2)2
(
(T a3T a4)i1i2M04(1Q, 3ˆg, 4ˆg, 2Q¯)
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+(T a4T a3)i1i2M04(1Q, 4ˆg, 3ˆg, 2Q¯)
)
, (5.5)
and the colour-ordered amplitude with photon-like gluons is given by
M04(1Q, 3ˆγ , 4ˆγ , 2Q¯) =M04(1Q, 3ˆg, 4ˆg, 2Q¯) +M04(1Q, 4ˆg, 3ˆg, 2Q¯). (5.6)
The contribution of the gg → QQ¯qq¯ partonic channel to the double real radiation cross
section for heavy quark pair production in hadronic collisions is
dσRRgg→QQ¯qq¯ =
∫
dξ1
ξ1
dξ2
ξ2
fg(ξ1)fg(ξ2)dσˆ
RR
gg→QQ¯qq¯ (5.7)
with the partonic cross section given by
dσˆRRgg→QQ¯qq¯ = NRRNNLOdΦ4(p1, p2, p3, p4; p5, p6)|M06 (1Q, 2Q¯, 3q, 4q¯, 5ˆg, 6ˆg)|2J
(4)
2 (p1, p2, p3, p4).
(5.8)
The full matrix element squared |M06 (. . .)|2 is summed over spin and colour. The normal-
isation factor NRRNNLO accounts for the spin and colour averaging, the flux factor and the
sum over the possible flavours of the massless qq¯ pair. The jet function J
(4)
2 corresponds
to the selection criteria of a 2-jet event: out of four partons, from which two are a QQ¯
pair, an event with two jets is built. Each of these two jets has the heavy quark Q or the
heavy antiquark Q¯ in it. The additional partons present in a jet are either theoretically
unresolved (soft or collinear) or not “seen” by the experimental resolution criteria (i.e not
identified as a separate jet).
The full matrix element for the process gg → QQ¯qq¯ has the following colour decompo-
sition [63]
M06 (1Q, 2Q¯, 3q, 4q¯, 5ˆg, 6ˆg) =
g4(
√
2)2
∑
(i,j)∈P (5,6)
[
(T aiT aj )i1i4δi3,i2M06(1Q, iˆg, jˆg, 4q¯; ; 3q , 2Q¯)
+(T ai)i1i4(T
aj )i3i2M06(1Q, iˆg, 4q¯; ; 3q, jˆg, 2Q¯)
+δi1,i4(T
aiT aj )i3i2M06(1Q, 4q¯; ; 3q, iˆg, jˆg, 2Q¯)
− 1
Nc
(T aiT aj )i1i2δi3,i4M06(1Q, iˆg, jˆg, 2Q¯; ; 3q, 4q¯)
− 1
Nc
(T ai)i1i2(T
aj )i3i4M06(1Q, iˆg, 2Q¯; ; 3q, jˆg, 4q¯)
− 1
Nc
δi1,i2(T
aiT aj )i3i4M06(1Q, 2Q¯; ; 3q , iˆg, jˆg, 4q¯)
]
. (5.9)
Squaring eq.(5.9), summing and averaging over spin, colour, and quark flavour, and plug-
ging our result in eq.(5.8) allows us to write the partonic double real radiation cross section
in the following form
dσˆgg→QQ¯qq¯ = NLONF
(αs
2π
)2 C¯(ǫ)2
C(ǫ)2
dΦ4(p1, p2, p3, p4; p5, p6)
∑
(i,j)∈P (5,6)
[
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N2c
(
|M06(1Q, iˆg, jˆg, 4q¯; ; 3q , 2Q¯)|2 + |M06(1Q, iˆg, 4q¯; ; 3q , jˆg, 2Q¯)|2
+|M06(1Q, 4q¯; ; 3q, iˆg, jˆg, 2Q¯)|2
)
+|M06(1Q, iˆg, jˆg, 2Q¯; ; 3q, 4q¯)|2 + |M06(1Q, iˆg, 2Q¯; ; 3q, jˆg, 4q¯)|2
+|M06(1Q, 2Q¯; ; 3q, iˆg, jˆg, 4q¯)|2 − |M06(1Q, iˆg, jˆg, 4q¯; ; 3q , 2Q¯)|2
−|M06(1Q, iˆg, 4q¯; ; 3q , jˆg, 2Q¯)|2 − |M06(1Q, 4q¯; ; 3q, iˆg, jˆg, 2Q¯)|2
+2Re(M06(1Q, iˆg, jˆg, 4q¯; ; 3q , 2Q¯)M06(1Q, 4q¯; ; 3q , iˆg, jˆg, 2Q¯)†)
+2Re(M06(1Q, iˆg, jˆg, 4q¯; ; 3q , 2Q¯)M06(1Q, 4q¯; ; 3q , jˆg, iˆg, 2Q¯)†)
+Re(M06(1Q, iˆg, 4q¯; ; 3q, jˆg, 2Q¯)M06(1Q, jˆg, 4q¯; ; 3q, iˆg, 2Q¯)†)
−Re(M06(1Q, iˆg, jˆg, 4q¯; ; 3q, 2Q¯)M06(1Q, jˆg, iˆg, 4q¯; ; 3q, 2Q¯)†)
−Re(M06(1Q, 4q¯; ; 3q, iˆg, jˆg, 2Q¯)M06(1Q, 4q¯; ; 3q, jˆg, iˆg, 2Q¯)†)
−2Re(M06(1Q, iˆg, jˆg, 4q¯; ; 3q , 2Q¯)M06(1Q, iˆg, jˆg, 2Q¯; ; 3q, 4q¯)†)
−2Re(M06(1Q, iˆg, 4q¯; ; 3q , jˆg, 2Q¯)M06(1Q, iˆg, jˆg, 2Q¯; ; 3q, 4q¯)†)
−2Re(M06(1Q, 4q¯; ; 3q , iˆg, jˆg, 2Q¯)M06(1Q, iˆg, jˆg, 2Q¯; ; 3q, 4q¯)†)
−2Re(M06(1Q, iˆg, jˆg, 4q¯; ; 3q , 2Q¯)M06(1Q, iˆg, 2Q¯; ; 3q, jˆg, 4q¯)†)
−2Re(M06(1Q, iˆg, 4q¯; ; 3q , jˆg, 2Q¯)M06(1Q, iˆg, 2Q¯; ; 3q, jˆg, 4q¯)†)
−2Re(M06(1Q, iˆg, 4q¯; ; 3q , jˆg, 2Q¯)M06(1Q, jˆg, 2Q¯; ; 3q, iˆg, 4q¯)†)
−2Re(M06(1Q, 4q¯; ; 3q , iˆg, jˆg, 2Q¯)M06(1Q, jˆg, 2Q¯; ; 3q, iˆg, 4q¯)†)
−2Re(M06(1Q, iˆg, jˆg, 4q¯; ; 3q , 2Q¯)M06(1Q, , 2Q¯; ; 3q , iˆg, jˆg, 4q¯)†)
−2Re(M06(1Q, 4q¯; ; 3q , iˆg, jˆg, 2Q¯)M06(1Q, , 2Q¯; ; 3q , iˆg, jˆg, 4q¯)†)
−2Re(M06(1Q, iˆg, 4q¯; ; 3q , jˆg, 2Q¯)M06(1Q, , 2Q¯; ; 3q , jˆg, iˆg, 4q¯)†)
+
1
N2c
(
1
2
|M06(1Q, 2Q¯, 3q, 4q¯, iˆγ , jˆγ)|2 − |M06(1Q, iˆg, jˆg, 2Q¯; ; 3q, 4q¯)|2
−|M06(1Q, iˆg, 2Q¯; ; 3q, jˆg, 4q¯)|2 − |M06(1Q, 2Q¯; ; 3q, iˆg, jˆg, 4q¯)|2
+Re(M06(1Q, iˆg, 2Q¯; ; 3q , jˆg, 4q¯)M06(1Q, jˆg, 2Q¯; ; 3q , iˆg, 4q¯)†)
−Re(M06(1Q, iˆg, jˆg, 2Q¯; ; 3q , 4q¯)M06(1Q, jˆg, iˆg, 2Q¯; ; 3q , 4q¯)†)
−Re(M06(1Q, 2Q¯; ; 3q, iˆg, jˆg, 4q¯)M06(1Q, 2Q¯; ; 3q, jˆg, iˆg, 4q¯)†)
+2Re(M06(1Q, iˆg, jˆg, 2Q¯; ; 3q, 4q¯)M06(1Q, 2Q¯; ; 3q, iˆg, jˆg, 4q¯)†)
+2Re(M06(1Q, iˆg, jˆg, 2Q¯; ; 3q, 4q¯)M06(1Q, 2Q¯; ; 3q, jˆg, iˆg, 4q¯)†)
)]
J
(4)
2 (p1, p2, p3, p4).
(5.10)
As it can be seen in eq.(5.10), this cross section does not only contain colour-ordered
matrix elements squared, but also interference terms of two different colour-ordered matrix
elements.
5.3 Subtraction terms
In this subsection we present the subtraction terms which capture all unresolved behaviour
present in the real contributions given above in eq.(5.10) and related to the partonic process
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gg → QQ¯qq¯. As explained in section 2, the full subtraction term receives in this case three
different contributions
dσˆSgg→QQ¯qq¯ = dσˆ
S,a
gg→QQ¯qq¯
+ dσˆS,b
gg→QQ¯qq¯
+ dσˆS,d
gg→QQ¯qq¯
. (5.11)
The dσˆS,a terms subtract the single unresolved limits of the six-parton real radiation matrix
elements. They are constructed as products of three-parton tree-level antenna functions
and five-parton reduced matrix elements with remapped momenta. The dσˆS,b pieces are
genuine NNLO subtraction terms which account for those double unresolved limits of the
real radiation matrix element that involve a pair of colour-connected partons; in this case
these can be double soft and triple collinear limits. Finally, the dσˆS,d terms, constructed
as a product of two three-parton tree-level antenna functions and a four-parton reduced
matrix element, capture the double collinear behaviour of the real matrix element squared
and compensate for the over-subtraction of colour-unconnected double unresolved limits
introduced in dσˆS,a. In the following, we shall outline in some detail the derivation of
dσˆS,b for which we follow a different approach than the one usually employed in the con-
struction of antenna subtraction terms. Our starting point is the factorisation of colour
sub-amplitudes in their soft qq¯ limits.
5.3.1 Double soft behaviour of amplitudes
As it was explained in [67] when a soft quark-antiquark pair is emitted between partons a
and b in the colour chain, the colour-ordered amplitude denoted by M0n(..., a, cq¯ ; ; dq, b, ...)
factorises as
M0n(..., a, cq¯ ; ; dq, b, ...)
pc,pd→0−→ [u¯sd(pd)γµvsc(pc)]
(
Jµa (pc, pd)− Jµb (pc, pd)
)M0n−2(..., a, b, ...),
(5.12)
where the soft currents are given by
Jµi (pj , pk) =
pµi
sjk(sij + sik)
. (5.13)
This factorisation can be applied to the first three lines of eq.(5.9). Squaring eq.(5.12) and
summing over the spins of the soft quark and antiquark gives
|M0n(..., a, cq¯ ; ; dq, b, ...)|2
pc,pd→0−→ Sacdb(ma,mb)|M0n−2(..., a, b, ...)|2 (5.14)
with the double soft factor Sacdb(ma,mb) given by
Sacdb(ma,mb) = tr(6 pdγµ 6 pcγν)
(
Jµa (pc, pd)− Jµb (pc, pd)
)
(Jνa (pc, pd)− Jνb (pc, pd))† . (5.15)
By explicitly evaluating the trace in eq.(5.15) and using the definition of the currents in
eq.(5.13) the expression given in eq.(4.7) for the double soft factor is obtained.
When a qq¯ pair becomes soft in a sub-amplitude whose colour factor contains δid,ic, like
M06(1Q, iˆg, jˆg, 2Q¯; ; 3q, 4q¯) in the fourth line of eq.(5.9), the factorisation given in eq.(5.12)
does not hold. This is due to the fact that the presence of the δid,ic factor indicates that the
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gluon propagator from which the soft pair splits is photon-like. In these cases, factorisation
at the amplitude level reads
M0n(..., a; ; dq , cq¯)
pc,pd→0−→ [u¯sd(pd)γµvpc(pc)]
( ∑
i∈{q}
Jµi (pc, pd)−
∑
j∈{q¯}
Jµj (pc, pd)
)
M0n−2(..., a)
(5.16)
where {q} is the set of all final state quarks and initial state antiquarks in the partonic
process, and {q¯} is the set of all final state antiquarks and initial state quarks. In the
process gg → QQ¯qq¯, however, since there is only one quark-antiquark pair in addition to
the soft one, each sum in eq.(5.16) contains only one term. Also, the sub-amplitudes in
the last two lines of eq.(5.9) are finite in the soft qq¯ limit as the quark and the antiquark
are not colour connected.
With these considerations, we can obtain the double soft behaviour of the full amplitude
for the process gg → QQ¯qq¯ by readily applying eqs.(5.12,5.16) to eq.(5.9). It reads,
M06 (1Q, 2Q¯, 3q, 4q¯, 5ˆg, 6ˆg)
p3,p4→0−→ g4(
√
2)2[u¯s3(p3)γµvs4(p4)]
×
∑
(i,j)∈P (5,6)
[
(T aiT aj )i1i4δi3,i2
(
Jµj (p4, p3)− Jµ2 (p4, p3)
)
+(T ai)i1i4(T
aj )i3i2
(
Jµi (p4, p3)− Jµj (p4, p3)
)
+δi1,i4(T
aiT aj )i3i2
(
Jµ1 (p4, p3)− Jµi (p4, p3)
)
− 1
Nc
(T aiT aj )i1i2δi3,i4
(
Jµ1 (p4, p3)− Jµ2 (p4, p3)
)]
M04(1Q, iˆg, jˆg, 2Q¯).
(5.17)
We can now square eq.(5.17) and evaluate the Dirac traces as well as the colour traces to
obtain the double soft limit of the full matrix element squared in terms of reduced colour-
ordered matrix elements squared (with two partons less than the original amplitude) and
combinations of double soft factors:
|M06 (1Q, 2Q¯, 3q, 4q¯, 5ˆg, 6ˆg)|2
p3,p4→0−→ g8(N2c − 1)
×
∑
(i,j)∈P (5,6)
[
N2c
(
S143i(mQ, 0) + Sj432(0,mQ) + Si43j(0, 0)
)
|M04(1Q, iˆg, jˆg, 2Q¯)|2
−S1432(mQ,mQ)
(
|M04(1Q, iˆg, jˆg, 2Q¯)|2 − (1/2)|M04(1Q, iˆγ , jˆγ , 2Q¯)|2
)
−
(
S143i(mQ, 0) + Sj432(0,mQ)
)
|M04(1Q, iˆγ , jˆγ , 2Q¯)|2
+
1
2N2c
S1432(mQ,mQ)|M04(1Q, iˆγ , jˆγ , 2Q¯)|2
]
. (5.18)
In eq.(5.18), we see that in the soft factors the hard radiators are two particles taken from
the list {1Q, 2Q¯, iˆg, jˆg}, and depending on which of them are involved (massive or massless)
the soft factors will contain two, one, or no mass terms.
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5.4 The construction of dσˆS,b
gg→QQ¯qq¯
We decompose the dσˆS,b subtraction term into a part which can be directly related to
the double soft limit of the amplitude squared which we denote dσˆS,b(1) and another that
accounts for all other double unresolved behaviour of the real matrix element for the process
gg → QQ¯qq¯ which is not accounted for in dσˆS,b(1). We shall denote this latter part of the
subtraction term as dσˆS,b(2) such that,
dσˆS,b
gg→QQ¯qq¯
= dσˆ
S,b(1)
gg→QQ¯qq¯
+ dσˆ
S,b(2)
gg→QQ¯qq¯
. (5.19)
From eqs.(4.8,4.10,4.16) we know that S1432(mQ,mQ) is the double soft factor present
in the double soft limit of B04(1Q, 4q¯, 3q, 2Q¯), S143i(mQ, 0) appears in the double soft limit
of E04(1Q, 3q, 4q¯, iˆg), S243i(mQ, 0) appears in the double soft limit of E04(2Q¯, 4q¯, 3q, iˆg), and
finally Si43j(0, 0) is the double soft limit of G04(ˆig, 3q, 4q¯, jˆg).
The subtraction term dσˆS,b(1) is therefore obtained by replacing in eq.(5.18) the double
soft factors with the corresponding four-parton antennae, remapping the momenta in the
reduced matrix elements accordingly, and removing all spurious single collinear limits of
the four-parton antennae with terms of the form X03 ·X03 . It reads,
dσˆ
S,b(1)
gg→QQ¯qq¯
= NLONF
(αs
2π
)2 C¯(ǫ)2
C(ǫ)2
dΦ4(p1, p2, p3, p4; p5, p6)
∑
(i,j)∈P (5,6)
{
N2c
[(
E04(1Q, 3q, 4q¯, iˆg)−G03(ˆig, 3q, 4q¯)D03(1Q, (3˜4)g, ˆ¯ig)
−A03(1Q, iˆg, 4q¯)E03((1˜4)Q, 3q, ˆ¯iq)
)
|M04((1˜34)Q, ˆ¯ig, jˆg, 2Q¯)|2J (2)2 (p˜134, p2)
+
(
E04(2Q¯, 4q¯, 3q, iˆg)−G03(ˆig, 3q, 4q¯)D03(2Q¯, (3˜4)g, ˆ¯ig)
−A03(2Q¯, iˆg, 3q¯)E03((2˜3)Q¯, 4q¯, ˆ¯iq¯)
)
|M04(1Q, jˆg, ˆ¯ig, (2˜34)Q¯)|2J (2)2 (p1, p˜234)
+
(
G04(ˆig, 3q, 4q¯, jˆg)− (1/2)G03 (ˆig, 3q, 4q¯)F 03 (ˆ¯ig, (3˜4)g, jˆg)
−(1/2)G03(jˆg, 3q, 4q¯)F 03 (ˆig, (3˜4)g, ˆ¯jg)− a03(3q, iˆg, 4q¯)G03(jˆg, (3˜4)q¯, ˆ¯iq¯)
−a03(4q¯, jˆg, 3q)G03(ˆig, (3˜4)q, ˆ¯jq)
)
|M04(1˜Q, ˆ¯ig, ˆ¯jg, 2˜Q¯)|2J (2)2 (p˜1, p˜2)
]
−
(
E04(1Q, 3q, 4q¯, iˆg)−G03(ˆig, 3q, 4q¯)D03(1Q, (3˜4)g, ˆ¯ig)
−A03(1Q, iˆg, 4q¯)E03((1˜4)Q, 3q, ˆ¯iq)
)
|M04((1˜34)Q, ˆ¯iγ , jˆγ , 2Q¯)|2J (2)2 (p˜134, p2)
−
(
E04(2Q¯, 4q¯, 3q, iˆg)−G03(ˆig, 3q, 4q¯)D03(2Q¯, (3˜4)g, ˆ¯ig)
−A03(2Q¯, iˆg, 3q¯)E03((2˜3)Q¯, 4q¯, ˆ¯iq¯)
)
|M04(1Q, jˆγ , ˆ¯iγ , (2˜34)Q¯)|2J (2)2 (p1, p˜234)
−
(
B04(1Q, 4q¯, 3q, 2Q¯)− (1/2)E03 (1Q, 3q, 4q¯)A03((1˜4)Q, (3˜4)g, 2Q¯)
−(1/2)E03 (2Q, 3q, 4q¯)A03(1Q, (3˜4)g, (2˜4)Q¯)
)
×
(
|M04((1˜34)Q, iˆg, jˆg, (2˜34)Q¯|2
−(1/2)|M04((1˜34)Q, iˆγ , jˆγ , (2˜34)Q¯|2
)
J
(2)
2 (p˜134, p˜234)
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+
1
N2c
[(
B04(1Q, 4q¯, 3q, 2Q¯)− (1/2)E03 (1Q, 3q, 4q¯)A03((1˜4)Q, (3˜4)g, 2Q¯)
−(1/2)E03 (2Q, 3q, 4q¯)A03(1Q, (3˜4)g, (2˜4)Q¯)
)
×|M04((1˜34)Q, iˆγ , jˆγ , (2˜34)Q¯|2J (2)2 (p˜134, p˜234)
]}
. (5.20)
As explained in section 4, the initial-final massive D03 antenna appearing in this sub-
traction term, is the “full” antenna. It is this antenna onto which the E04 antenna function
collapses to in its single qq¯ collinear limit.
In order to obtain the full dσˆS,b subtraction term, we have to supplement eq.(5.20) with
additional terms that ensure the correct subtraction of all other colour-connected double
unresolved limit of the real radiation matrix element squared. The only other unresolved
limits of this type that the process gg → QQ¯qq¯ has are triple collinear limits iˆg||3q||4q. In
these limits the full matrix element squared factorises as [78–81]
|M06 (1Q, 2Q¯, 3q, 4q¯, 5ˆg, 6ˆg)|2
iˆg ||3q||4q−→ g2
[
Nc (Pgiq¯4q3←G + Pq¯4q3gi←G)
− 1
Nc
Pq3giq¯4←G
]
|M04 (1Q, 2Q¯, (̂34i)g, jˆg)|2. (5.21)
Taking now the triple collinear limit of dσˆS,b(1) we obtain,
dσˆ
S,b(1)
gg¯→QQ¯qq¯
iˆg ||3q ||4q−→ NLONF
(αs
2π
)2 C¯(ǫ)2
C(ǫ)2
dΦ4(p1, p2, p3, p4; p5, p6)
×Nc (Pgiq¯4q3←G + Pq¯4q3gi←G) |M04 (1Q, 2Q¯, (̂34i)g, jˆg)|2J (2)2 (p1, p2).
(5.22)
where we have used eqs.(5.5,5.6) to relate the full four-parton reduced matrix element
squared denoted by |M04 (1Q, 2Q¯, (̂34i)g, jˆg)|2 to the corresponding colour-ordered ampli-
tudes. The triple collinear splitting functions Pijk←G have been defined in section 4. For
conciseness, in the above equations the arguments of these splitting functions have been
omitted.
We see that the subtraction term dσˆS,b(1), originally derived in order to capture the
soft qq¯ limit, also subtracts the non-abelian piece of the triple collinear limits iˆg||3q||4q. To
account for the QED-like triple collinear limits, proportional to 1/Nc in eq.(5.21), we use
initial-final E˜04 massive four-parton antennae. The following subtraction term is obtained:
dσˆ
S,b(2)
gg→QQ¯qq¯
= NLONF
(αs
2π
)2 C¯(ǫ)2
C(ǫ)2
dΦ4(p1, p2, p3, p4; p5, p6)
∑
(i,j)∈P (5,6)
{
−1
2
(
E˜04(1Q, 3q, 4q¯, iˆg)−A03(1Q, iˆg, 4q¯)E03((1˜4)Q, 3q, ˆ¯iq)
−A03(1Q, iˆg, 3q)E03((1˜3)Q, 4q¯, ˆ¯iq¯)
)
×
(
|M04((1˜34)Q, ˆ¯ig, jˆg, 2Q¯|2
+|M04((1˜34)Q, jˆg, ˆ¯ig, 2Q¯|2
)
J
(2)
2 (p˜134, p2)
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−1
2
(
E˜04(2Q¯, 4q¯, 3q, iˆg)−A03(2Q¯, iˆg, 3q)E03((2˜3)Q¯, 4q¯, ˆ¯iq¯)
−A03(2Q¯, iˆg, 4q¯)E03((2˜4)Q, 3q, ˆ¯iq)
)
×
(
|M04(1Q, ˆ¯ig, jˆg, (2˜34)Q¯|2
+|M04(1Q, jˆg, ˆ¯ig, (2˜34)Q¯|2
)
J
(2)
2 (p1, p˜234)
+
1
N2c
[
1
2
(
E˜04(1Q, 3q, 4q¯, iˆg)−A03(1Q, iˆg, 4q¯)E03((1˜4)Q, 3q, ˆ¯iq)
−A03(1Q, iˆg, 3q)E03((1˜3)Q, 4q¯, ˆ¯iq¯)
)
|M04((1˜34)Q, ˆ¯iγ , jˆγ , 2Q¯|2J (2)2 (p˜134, p2)
+
1
2
(
E˜04(2Q¯, 4q¯, 3q, iˆg)−A03(2Q¯, iˆg, 3q)E03((2˜3)Q¯, 4q¯, ˆ¯iq¯)
−A03(2Q¯, iˆg, 4q¯)E03((2˜4)Q, 3q, ˆ¯iq)
)
|M04(1Q, ˆ¯iγ , jˆγ , (2˜34)Q¯|2J (2)2 (p1, p˜234)
]}
.
(5.23)
Since the E˜04 antenna does not possess any soft qq¯ limit, the subtraction term given in
eq.(5.23) does not have any soft qq¯ limits either and only subtracts the abelian triple
collinear limit, as required. The sum dσˆS,b(1) + dσˆS,b(2) will therefore correctly subtract
both double soft and triple collinear limits of the double real radiation matrix element
squared, without introducing any spurious single unresolved singularities.
5.5 Construction of the dσˆS,a
gg→QQ¯qq¯
and dσˆS,d
gg→QQ¯qq¯
subtraction terms
The dσˆS,a subtraction terms are NLO like: They are constructed as products of three-
parton tree-level antennae and five-parton reduced matrix elements, and they subtract the
single unresolved limits of the real radiation matrix elements. Thus, for the present calcu-
lation, they could a priori be taken over from [63], where we derived the NLO subtraction
terms for tt¯+ jet production.
However, at NNLO, the five-parton reduced matrix elements with remapped momenta
present in these NLO-like subtraction terms develop further single unresolved limits. Those
singularities are unphysical, since they do not correspond to any unresolved behaviour of
the real radiation matrix element squared and must be cancelled by the X03 ·X03 pieces of the
b-type subtraction terms. In dσˆS,b, theseX03 ·X03 terms are dictated by the requirement that
all single unresolved limits of the four-parton antennae should be removed. As the choice of
these four-parton antennae is fixed by the double unresolved behaviour of the real radiation
matrix element, we do not have the freedom to choose the three-parton antenna functions
that make dσˆS,a simplest, as we did in [63]. Instead, these three-parton antennae have to
be carefully chosen in such a way that the cancelation of the aforementioned unphysical
singularities is achieved. With these considerations we obtain the dσˆS,a subtraction term
as
dσˆS,a
gg→QQ¯qq¯
= NLONF
(αs
2π
)2 C¯(ǫ)2
C(ǫ)2
dΦ4(p1, p2, p3, p4; p5, p6)
∑
(i,j)∈P (5,6)
{
N2c
[
G03(ˆig, 3q, 4q¯)
(
|M05(1Q, (3˜4)g, ˆ¯ig, jˆg, 2Q¯)|2 + |M05(1Q, jˆg, ˆ¯ig, (3˜4)g, 2Q¯)|2
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+(1/2)
(|M05(1Q, ˆ¯ig, (3˜4)g, jˆg, 2Q¯)|2 + |M05(1Q, jˆg, (3˜4)g, ˆ¯ig, 2Q¯)|2))J (3)2 (p1, p2, p˜34)
+A03(2Q¯, iˆg, 3q)|M05(1Q, jˆg, 4q¯; ; ˆ¯iq¯, (2˜3)Q¯)|2J (3)2 (p1, p˜23, p4)
+a03(3q, iˆg, 4q¯)|M05(1Q, (3˜4)q¯; ; ˆ¯iq¯, jˆg, 2Q¯)|2J (3)2 (p1, p2, p˜34)
+A03(1Q, iˆg, 4q¯)|M05((1˜4)Q, ˆ¯iq; ; 3q, jˆg, 2Q¯)|2J (3)2 (p˜14, p2, p3)
+a03(4q¯, iˆg, 3q)|M05(1Q, jˆg, ˆ¯iq; ; (3˜4)q, 2Q¯)|2J (3)2 (p1, p2, p˜34)
]
−G03(ˆig, 3q, 4q¯)
(
|M05(1Q, (3˜4)g, ˆ¯ig, jˆγ , 2Q¯)|2 + |M05(1Q, ˆ¯ig, (3˜4)g, jˆγ , 2Q¯)|2
)
J
(3)
2 (p1, p2, p˜34)
−1
2
E03(1Q, 3q, 4q¯)|M05((1˜3)Q, iˆg, jˆg, (3˜4)γ , 2Q¯)|2J (3)2 (p˜13, p2, p˜34)
−1
2
E03(2Q¯, 3q, 4q¯)|M05(1Q, iˆg, jˆg, (3˜4)γ , (2˜3)Q¯)|2J (3)2 (p1, p˜23, p˜34)
−1
2
A03(1Q, iˆg, 3q)
(
|M05((1˜3)Q, jˆg, 4q¯; ; ˆ¯iq¯ , 2Q¯)|2
+|M05((1˜3)Q, 4q¯; ; ˆ¯iq¯, jˆg, 2Q¯)|2
)
J
(3)
2 (p˜13, p2, p4)
−1
2
A03(2Q¯, iˆg, 4q¯)
(
|M05(1Q, ˆ¯iq; ; 3q, jˆg, (2˜4)Q¯)|2
+|M05(1Q, jˆg, ˆ¯iq; ; 3q , (2˜4)Q¯)|2
)
J
(3)
2 (p1, p˜23, p3)
+A03(1Q, iˆg, 4q¯)
(
|M05((1˜4)Q, 2Q¯; ; 3q, jˆg, ˆ¯iq)|2 + |M05((1˜4)Q, jˆg, 2Q¯; ; 3q, ˆ¯iq)|2
−2|M05((1˜4)Q, 2Q¯, 3q, ˆ¯iq, jˆγ)|2 − (1/2)|M05((1˜4)Q, ˆ¯iq; ; 3q, jˆg, 2Q¯)|2
−(1/2)|M05((1˜4)Q, jˆg, ˆ¯iq; ; 3q, 2Q¯)|2
)
J
(3)
2 (p˜14, p2, p3)
+A03(2Q, iˆg, 3q¯)
(
|M05(1Q, (2˜3)Q¯; ; ˆ¯iq¯, jˆg, 4q¯)|2 + |M05(1Q, jˆg, (2˜3)Q¯; ; ˆ¯iq¯, 4q¯)|2
−2|M05(1Q, (2˜3)Q¯, ˆ¯iq¯, 4q¯, jˆγ)|2 − (1/2)|M05((1Q, 4q¯; ; ˆ¯iq¯ , jˆg, (2˜3)Q¯)|2
−(1/2)|M05((1Q, jˆg, 4q¯; ; ˆ¯iq¯, (2˜3)Q¯)|2
)
J
(3)
2 (p1, p˜23, p4)
+
1
N2c
[
1
2
E03(1Q, 3q, 4q¯)|M05((1˜3)Q, iˆγ , jˆγ , (3˜4)γ , 2Q¯)|2J (3)2 (p˜13, p2, p˜34)
+
1
2
E03(2Q¯, 3q, 4q¯)|M05(1Q, iˆγ , jˆγ , (3˜4)γ , (2˜3)Q¯)|2J (3)2 (p1, p˜23, p˜34)
−1
2
A03(1Q, iˆg, 4q¯)
(
|M05((1˜4)Q, 2Q¯; ; 3q, jˆg, ˆ¯iq)|2 + |M05((1˜4)Q, jˆg, 2Q¯; ; 3q , ˆ¯iq)|2
−2|M05((1˜4)Q, 2Q¯, 3q, ˆ¯iq, jˆγ)|2
)
J
(3)
2 (p˜14, p2, p3)
−1
2
A03(1Q, iˆg, 3q)
(
|M05((1˜3)Q, 2Q¯; ; ˆ¯iq¯, jˆg, 4q¯)|2 + |M05((1˜3)Q, jˆg, 2Q¯; ; ˆ¯iq¯, 4q¯)|2
−2|M05((1˜3)Q, 2Q¯, ˆ¯iq¯, 4q¯, jˆγ)|2
)
J
(3)
2 (p˜13, p2, p4)
−1
2
A03(2Q¯, iˆg, 3q)
(
|M05(1Q, (2˜3)Q¯; ; ˆ¯iq¯, jˆg, 4q¯)|2 + |M05(1Q, jˆg, (2˜3)Q¯; ; ˆ¯iq¯, 4q¯)|2
−2|M05(1Q, (2˜3)Q¯, ˆ¯iq¯, 4q¯, jˆγ)|2
)
J
(3)
2 (p˜13, p2, p4)
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−1
2
A03(2Q¯, iˆg, 4q¯)
(
|M05(1Q, (2˜4)Q¯; ; 3q, jˆg, ˆ¯iq)|2 + |M05(1Q, jˆg, (2˜4)Q¯; ; 3q , ˆ¯iq)|2
−2|M05(1Q, (2˜4)Q¯, 3q, ˆ¯iq, jˆγ)|2
)
J
(3)
2 (p1, p˜24, p3)
]}
.
(5.24)
Finally, the dσˆS,d terms are constructed in the usual fashion. They capture the double
unresolved behaviour of the real matrix element squared when two colour-unconnected
unresolved partons are present and they remove the double counting of double unresolved
limits in dσˆS,a. They are given by
dσˆS,d
gg¯→QQ¯qq¯
= −NLONF
(αs
2π
)2 C¯(ǫ)2
C(ǫ)2
dΦ4(p1, p2, p3, p4; p5, p6)×∑
(i,j)∈P (5,6)
{
N2cA
0
3(1Q, iˆg, 4q¯)A
0
3(2Q¯, jˆg, 3q)|M04((1˜4)Q, (2˜3)Q¯, ˆ¯jq¯, ˆ¯iq)|2J (2)2 (p˜14, p˜23)
−3
2
A03(1Q, iˆg, 4q¯)A
0
3(2Q¯, jˆg, 3q)|M04((1˜4)Q, (2˜3)Q¯, ˆ¯jq¯, ˆ¯iq)|2J (2)2 (p˜14, p˜23)
−1
2
A03(1Q, iˆg, 3q)A
0
3(2Q¯, iˆg, 4q¯)|M04((1˜3)Q, (2˜4)Q¯, ˆ¯iq¯, ˆ¯jq)|2J (2)2 (p˜13, p˜24)
+
1
N2c
[
1
2
A03(1Q, iˆg, 4q¯)A
0
3(2Q¯, jˆg, 3q)|M04((1˜4)Q, (2˜3)Q¯, ˆ¯jq¯, ˆ¯iq)|2J (2)2 (p˜14, p˜23)
+
1
2
A03(1Q, iˆg, 3q)A
0
3(2Q¯, iˆg, 4q¯)|M04((1˜3)Q, (2˜4)Q¯, ˆ¯iq¯, ˆ¯jq)|2J (2)2 (p˜13, p˜24)
]}
.
(5.25)
6. Numerical results
To verify how well the subtraction terms approximate the double real contributions related
to the partonic process gg → QQ¯qq¯, we have used RAMBO [84] to generate phase space
points in the vicinity of the singular regions and computed the ratio
R =
dσˆRRNNLO
dσˆSNNLO
(6.1)
for each of these points. As before, dσˆRRNNLO stands for the double real radiation contri-
butions while dσˆSNNLO is the corresponding subtraction term. In each unresolved limit we
define a control variable x that allows us to vary the proximity of the phase space points
to the singularity. For the difference dσˆRRNNLO − dσˆSNNLO to be finite and numerically
integrable in four dimensions, the ratio R should approach unity as we get close to any
singularity. The phase space points were generated with a fixed centre-of-mass energy of√
s = 1000 GeV, the heavy fermions were given a mass of 174.3 GeV, and the two hard
jets were required to have pT > 50 GeV.
6.1 Double soft limit
The double soft phase space configurations are characterised by the QQ¯ pair taking nearly
the full center of mass energy of the event s, leaving the massless final state qq¯ pair with
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Figure 1: (a) Ilustration of a double soft qq¯ event. (b) Distribution of R for 10000 double soft
phase space points.
almost zero energy, as depicted in fig.1(a). In fig.1(b) we show the ratio between the
double real radiation matrix element and the subtraction term for three different values of
the control variable x defined in this case by, x = (s − s12)/s. It can be seen that as the
soft qq¯ pair, takes a smaller share of the total energy, i.e. as x becomes smaller, the peak of
the distribution around R = 1 is sharper. This is a sign that the approximation improves
as the limit is approached.
6.2 Triple collinear limit
Other double unresolved configurations in which the amplitude for this process is singular
are the triple collinear limits iˆg||3q||4q¯ illustrated in fig.2(a). In fig.2(b) we show how, as we
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Figure 2: (a) Ilustration of a triple collinear event. (b) Distribution of R for 10000 triple collinear
phase space points.
make the control variable x = −s345/s smaller, that is, as we get closer in phase space to the
singularity 5ˆg||3q||4q¯ of the real radiation matrix element squared, the histogram becomes
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more pronouncedly peaked around unity. This signals us again that the approximation
is good. Similar results which are not shown are obtained for the triple collinear limit
involving the other initial state gluon 6ˆg.
6.3 Double collinear limits
The last type of double unresolved limits that the amplitude for the process gg → QQ¯qq¯
has, are the initial-final double collinear limits iˆg||3q + jˆg||4q¯. In fig. 3(a) we represent
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Figure 3: (a) Ilustration of a double collinear event. (b) Distribution of R for 10000 double
collinear phase space points.
schematically the kinematical configuration where 5ˆg||3q + 6ˆg||4q¯. As it can be seen in
fig. 3(b), the convergence of the subtraction term to the real radiation matrix elements is
indeed achieved as we make the control variable smaller. The same results are obtained
for the double collinear limit 6ˆg||3q + 5ˆg||4q¯.
6.4 Final-final single collinear limit
In addition to the double unresolved limits discussed above, the double real radiation
matrix element contains two types of single collinear limits. For the final-final collinear
limit 3q||4q¯ depicted in fig.4(a) we obtain the results shown in fig.4(b), where, once more, a
good convergence of the subtraction terms to the real radiation contributions is achieved as
the limit is approached. It should be noted that due to the presence of angular correlation
terms this good convergence is only achieved after integration over the azimuthal angle of
the collinear pair. The procedure by which these angular correlations are integrated out
has been explained in the case where massive partons are present in [67].
6.5 Initial-final single collinear limits
The last type of unresolved limits are the four collinear limits between the massless final
state (anti) quark and one of the initial state gluons. As it can be seen in fig.5(b), also in
these limits our subtraction terms constitute a valid approximation of the real radiation
differential cross section. As it is indicated in fig.5(a) the histogram in fig.5(b) corresponds
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Figure 4: (a) Ilustration of a final-final single collinear event. (b) Distribution of R for 10000
final-final single collinear phase space points.
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Figure 5: (a) Ilustration of an initial-final single collinear event. (b) Distribution of R for 10000
initial-final single collinear phase space points.
to the limit 5ˆg||3q. Similar results are also obtained for the other three initial-final single
collinear limits: 6ˆg||3q, 5ˆg||4q¯, and 6ˆg||4q¯.
7. Conclusions
In this paper, we present the double real radiation contributions to the tt¯ hadronic pro-
duction cross section coming from the partonic process gg → tt¯qq¯. These contributions
develop infrared divergencies when one or two partons become unresolved (soft or collinear)
such that a systematic subtraction procedure is required before these contributions can be
evaluated numerically.
We follow the formalism developed in [67], where we extended the NNLO antenna
subtraction formalism to include the evaluation of hadronic observables involving a massive
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pair of fermions. Section 2 describes the infrared structure of double real contributions for
these observables.
To capture the double unresolved singular behaviour of the gluon-gluon initiated ma-
trix elements, we derive the appropriate four-parton antenna functions and establish their
limiting behaviour respectively in sections 3 and 4. Using these, in section 5, we explic-
itly construct the antenna subtraction terms for the gg → tt¯qq¯ subprocess in leading and
subleading colour contributions.
In section 6, we check numerically that our subtraction terms approximate the real ma-
trix elements in all single and double unresolved configurations in a point-by point manner.
In the regions of phase space associated to the single unresolved collinear kinematical con-
figurations, the ratio between real matrix elements and subtraction term approaches unity,
provided the azimuthal terms associated with these collinear limits are correctly treated.
The double real corrections stemming from the partonic channel gg → tt¯qq¯ and con-
tributing to the hadronic production of a top-antitop pair presented here provide a substan-
tial step towards the calculation of the NNLO corrections to the top-quark pair production
at the LHC. Future steps include in particular the computation of the remaining double
real subtraction terms related to partonic channels involving only gluons in initial and fi-
nal state and the computation of mixed real-virtual contributions for all partonic channels
involved.
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A. Single unresolved factors
In this appendix we list and very briefly explain the different single unresolved factors that
appear throughout our treatment of the partonic processes gg → QQ¯qq¯.
When two final-state massless particles i and j become collinear the following kinematics
occur:
pi → zpij , pj → (1− z)pij , sik → zsijk, sjk → (1− z)sijk , (A.1)
The corresponding splitting functions in the conventional dimensional regularisation scheme
are given by [85]:
Pqg→Q(z) =
1 + (1− z)2 − ǫz2
z
(A.2)
Pqq¯→G(z) =
z2 + (1− z)2 − ǫ
1− ǫ (A.3)
Pgg→G(z) = 2
[
z
1− z +
1− z
z
+ z(1− z)
]
. (A.4)
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When the collinearity arises between an initial (i) and a final state parton (j), the
kinematics are given by
pj → zpi, pij → (1− z)pi, sik → sijk
1− z , sjk →
zsijk
1− z . (A.5)
and the splitting functions are [85]:
Pgq←Q(z) =
1 + z2 − ǫ(1− z)2
(1− ǫ)(1− z)2 =
1
1− z
1
1− ǫPqg→Q(1− z) (A.6)
Pqg←Q(z) =
1 + (1− z)2 − ǫz2
z(1 − z) =
1
1− zPqg→Q(z) (A.7)
Pqq¯←G(z) =
z2 + (1− z)2 − ǫ
1− z =
1− ǫ
1− zPqq¯→G(z) (A.8)
Pgg←G(z) =
2(1 − z + z2)2
z(1− z)2 =
1
1− zPgg→G(z). (A.9)
The additional factors (1−ǫ) and 1/(1−ǫ) account for the different number of polarizations
of quark and gluons in the cases in which the particle entering the hard processes changes
its type.
In all the splitting functions defined above, the label q can stand for a massless quark or
an antiquark since charge conjugation implies that Pqg→Q = Pq¯g→Q¯ and Pqg←Q = Pq¯g←Q¯.
The labels Q and G denote the parent parton of the two collinear partons, which is massless.
When a gluon j emitted between the hard radiators i and k becomes soft, the eikonal
factor that factorises off the colour-ordered squared matrix element is
Sijk(mi,mk) =
2sik
sijsjk
− 2m
2
i
s2ij
− 2m
2
k
s2jk
, (A.10)
where mi and mk are the masses of the radiators.
B. Three-parton antennae
In this appendix we list the three-parton antenna functions used in the subtraction terms of
section 5 together with their single unresolved limits. The massive and massless antennae
can be found in [63,66] and [47,73] respectively, together with their integrated forms. All
corresponding single unresolved factors can be found in appendix A. The massive A-type
flavour violating initial-final antenna initiated by a gluon, is new. It will be given below in
unintegrated and integrated form together with its infrared limits.
In order to make the mass-dependence in the expressions of the antenna functions
explicit, we use the same convention as in the paper and define our invariants as sij = 2pi·pj .
B.1 Massive final-final antennae
Our subtraction terms use A and E-type massive final-final antennae. The former is given
by
A03(1Q, 3g, 2Q¯) =
1(
E2cm + 2m
2
Q
) ( 2s212
s13s23
+
2s12
s13
+
2s12
s23
+
s23
s13
+
s13
s23
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+m2Q
(
8s12
s13s23
− 2s12
s213
− 2s12
s223
− 2s23
s213
− 2
s13
− 2
s23
− 2s13
s223
)
+m4Q
(
− 8
s223
− 8
s213
))
+O(ǫ), (B.1)
with E2cm = (p1 + p2 + p3)
2. It has only a single soft limit:
A03(1Q, 3g, 2Q¯)
p3→0−→ S132(mQ,mQ). (B.2)
This antenna has been derived and integrated in [66].
The E-type antenna is
E03(1Q, 3q, 4q¯) =
1(
E2cm −m2Q
)2 (s13 + s14 + s213s34 + s
2
14
s34
− 2EcmmQ
)
+O(ǫ), (B.3)
where E2cm = (p1 + p3 + p4)
2. Its only infrared limit is
E03(1Q, 3q, 4q¯)
3q||4q¯−→ 1
s34
Pqq¯→G(z). (B.4)
This antenna has been derived and integrated in [63].
B.2 Massless initial-final antennae
We use the following A-type antenna
a03(1q, 3ˆg, 2q¯) =
1
s123 (s13 + s23)
(
−2s
2
12
s13
+
2s23s12
s13
+ 2s12 − s
2
23
s13
− s23
)
+O(ǫ), (B.5)
with s123 = s12 − s13 − s23. It is obtained by partial fractionning the full antenna
A03(1q, 3ˆg, 2q¯) so that it only contains the following single collinear limit
a03(1q, 3ˆg, 2q¯)
1q ||3g−→ 1
s13
Pqg←Q(z). (B.6)
We also need the following G-type antenna
G03(1ˆg, 3q, 4q¯) =
1
s2134
(
s213
s34
+
s214
s34
)
+O(ǫ) (B.7)
which has the single collinear limit
G03(1ˆg, 3q, 4q¯)
3q ||4q¯−→ 1
s34
Pqq¯→G(z). (B.8)
All massless initial-final antennae have been presented in unintegrated and in integrated
forms in [73].
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B.3 Massive initial-final antennae
Initial-Final E and D-type antennae
The massive initial-final three-parton D-type antenna is given by
D03(1Q, 3g, 4ˆg) =
1(
Q2 +m2Q
)2(9s13 − 9s14 − 6s34 + 4s214s13 + s
2
34
s13
− s
2
34
s14
+
3s14s34
s13
+
3s13s34
s14
− 4s
2
13
s14
+
2s314
s13s34
− 4s
2
13
s34
− 4s
2
14
s34
+
6s13s14
s34
+
2s313
s14s34
+ 2mQmχ
+m2Q
(
−2s
2
13
s214
+
4s34s13
s214
+
4s13
s14
− 2s
2
34
s214
− 6s34
s14
+
2s234
s14s13
+
4s14
s13
+
6s34
s13
− 2s
2
14
s213
− 2s
2
34
s213
− 4s14s34
s213
− 6
)
− 2m
3
Qmχs34
s13s14
+
2m4s34
s13s14
)
+O(ǫ),
(B.9)
where Q2 = −(p1 + p3 − p4)2 and mχ =
√
Q2. It has a soft gluon limit as well as a single
collinear limit
D03(1Q, 3g, 4ˆg)
p3→0−→ S134(mQ, 0), (B.10)
D03(1Q, 3g, 4ˆg)
3g ||4g−→ 1
s34
Pgg←G(z). (B.11)
This antenna is related to the split antennaeD03(4g; 3g, 1Q) andD
0
3(4g; 1Q, 3g) defined in [63]
through
D03(1Q, 3g, 4ˆg) = D
0
3(4g; 3g, 1Q)−D03(4g; 1Q, 3g). (B.12)
The massive initial-final E-type antenna used in our subtraction terms reads
E03(1Q, 3q, 4ˆq) = −
1(
Q2 +m2Q
)2 (−s14 + s13 − s213s34 − s
2
14
s34
− 2mQmχ
)
+O(ǫ), (B.13)
with Q2 = −(p1 + p3 − p4)2, and mχ =
√
Q2. The only infrared limit that this antenna
has is
E03(1Q, 3q, 4ˆq)
3q ||4ˆq−→ 1
s34
Pgq←Q(z). (B.14)
Both of these antennae have been derived and integrated in [63].
Massive flavour violating initial-final A-type antenna
The new three-parton flavour violating A-type antenna initiated by a gluon is denoted by
A03(1Q, 3ˆg, 2q¯) and reads
A03(1Q, 3ˆg, 2q¯) =
1(
Q2 +m2Q
) ( 2s212
s13s23
− 2s12
s13
− 2s12
s23
+
s13
s23
+
s23
s13
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−m2Q
(
2s12
s213
− 2s23
s213
− 2
s13
))
+O(ǫ), (B.15)
where Q2 = −(p1 + p2 − p3)2.
Its infrared limit is
A03(1Q, 3ˆg, 2q¯)
2q¯ ||3ˆg−→ 1
s23
Pqg←Q(z). (B.16)
Its integrated form denoted by A03(1Q, 3ˆg, 2q¯) is obtained by integrating the expression
given in eq.(B.15) over the unresolved intial-final antenna phase space involving one massive
parton of mass mQ [63]. The integrated antenna is given by,
A03(1Q, 3ˆg, 2q¯) =
1
C(ǫ)
∫
dΦ2
(Q2 +m2K)
2π
A03(1Q, 3ˆg, 2q¯) (B.17)
where C(ǫ), is a normalisation factor given by
C(ǫ) = (4π)ǫ
e−ǫγE
8π2
(B.18)
and the initial-final massive antenna phase space denoted by dΦXi,jk is given by,
dΦXi,jk = dΦ2
(Q2 +m2K)
2π
. (B.19)
In eq.(B.19), dΦ2 is the massive 2 → 2 phase space involving one massive final state
particle, which we parametrise as [63]
dφ2(mQ, 0) =
(4π)ǫ−1
2Γ(1 − ǫ)E
2ǫ−2
cm
(
E2cm −m2Q
)1−2ǫ
dy y−ǫ(1− y)−ǫ, (B.20)
where y runs from 0 to 1. In this context, the invariants are given by,
2pi · pj =
Q2 +m2Q
xE2cm
[
E2cm − y
(
E2cm −m2Q
)]
(B.21)
2pi · pk =
Q2 +m2Q
xE2cm
[
y
(
E2cm −m2Q
)]
(B.22)
and the center of mass energy Ecm is
Ecm =
√
Q2(1− x) +m2Q
x
with x =
Q2 +m2j
2pi · q . (B.23)
The integrated antenna reads
A03(1Q, 3ˆg, 2q¯) = (Q2 +m2Q)−ǫ ×
[
− 1
2ǫ
p(0)qg (x)−
1− 4x+ 2x2 + xx0 + 2x2x0 − 2x3x0
2(1− xx0)
+(1− 2x+ 2x2)
(
ln(1− x)− 1
2
ln(x2(1− x0))
)]
+O(ǫ) (B.24)
with
x0 =
Q2
Q2 +m2Q
(B.25)
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and the splitting kernel p
(0)
qg (x) given by
p(0)qg (x) = 1− 2x+ 2x2. (B.26)
Having a single collinear limit in its unintegrated form, this integrated antenna develops a
pole proportionnal to the splitting kernel p
(0)
qg (x), as expected.
B.4 Massless initial-initial antennae
Our subtraction terms employ two types of three-parton initial-initial antennae: F and
G-type antennae. The F-type antenna is given by
F 03 (1ˆg, 2g, 3ˆg) =
1
s2123
(
− 12s12 + 12s13 − 12s23 + 2s
3
12
s13s23
+
4s212
s13
− 4s
2
12
s23
+
6s23s12
s13
+
6s13s12
s23
+
4s223
s13
− 4s
2
13
s23
+
2s323
s13s12
− 4s
2
13
s12
−4s
2
23
s12
+
6s13s23
s12
+
2s313
s23s12
)
+O(ǫ) (B.27)
with s123 = s13 − s12 − s23. Its infrared limits are
F 03 (1ˆg, 2g, 3ˆg)
p2→0−→ S123(0, 0), (B.28)
F 03 (1ˆg, 2g, 3ˆg)
1ˆg ||2g−→ 1
s12
Pgg←G(z), (B.29)
F 03 (1ˆg, 2g, 3ˆg)
2g ||3ˆg−→ 1
s23
Pgg←G(z). (B.30)
Finally the initial-initial G-type antenna function is
G03(1ˆg, 3q, 4ˆq) =
1
s2134
(
−s
2
13
s34
− s
2
14
s34
)
+O(ǫ). (B.31)
with, s134 = s14 − s13 − s34. It only has a single initial-final collinear limit
G03(1ˆg, 3q, 4ˆq)
3q ||4ˆq−→ 1
s34
Pgq←Q(z). (B.32)
Both of these antennae have been derived and presented in their unintegrated and inte-
grated forms in [73].
C. Four-parton antennae
In this section, we list the two known four-parton antenna functions used to construct
our subtraction term presented in section 5: the massive final-final B type antenna with
a massive QQ¯ pair as radiators and the massless initial-initial G-type antenna with two
initial state gluons as radiators. Their infrared limits were given in section 4.
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C.1 Massive final-final B-type antennae
This antenna, denoted by B04(1Q, 4q¯, 3q, 2Q¯), reads
B04(1Q, 4q¯, 3q, 2Q¯) =
1(
E2cm + 2m
2
Q
){ 1
s34s2134
[s12s13 + s12s14 + s13s23 + s14s24]
+
1
s34s2234
[s12s23 + s12s24 + s13s23 + s14s24]
+
1
s234s
2
134
[
2s12s13s14 + s13s14s24 + s13s14s23 − s213s24 − s214s23
]
+
1
s234s
2
234
[
2s12s23s24 + s13s23s24 + s14s23s24 − s13s224 − s14s223
]
+
1
s34s134s234
[
2s212 + s12s23 + s12s24 + s12s13 + s12s14
]
+
1
s234s134s234
[− s13s224 − s14s223 − s213s24 − s214s23
+s13s14s23 + s13s14s24 + s13s23s24 + s14s23s24
−2s12s13s24 − 2s12s14s23
]
+
2s12
s134s234
+m2Q
[
8s13s14
s234s
2
134
+
8s23s24
s234s
2
234
− 4
s2134
− 4
s2234
− 2
s34s2134
[s12 + s23 + s24]− 2
s34s2234
[s12 + s13 + s14]
+
2
s34s134s234
[4s12 − s13 − s14 − s23 − s24]
− 8
s234s134s234
[s14s23 + s13s24]
]
−m4Q
[
8
s34s2134
+
8
s34s2234
]}
+O(ǫ), (C.1)
where E2cm = (p1 + p2 + p3 + p4)
2. It is normalised to the tree-level two-parton matrix
element (with couplings and colour factors omitted)∣∣M02(γ∗ → QQ¯)∣∣2 = 4 [(1− ǫ)E2cm + 2m2Q] . (C.2)
C.2 Massless initial-initial G-type antenna
This antenna denoted by G04(1ˆg, 3q, 4q¯, 2ˆg) reads
G04(1ˆg, 3q, 4q¯, 2ˆg) =
1
Q4
{
1
s212s
2
34
[
2s13s14s23s24 − s213s224 − s214s223
]
+
s23
s12s13s34
[
s223 + s
2
24
]
+
s23
s12s13s134
[
s223 + 2s24s34 + s
2
24 + s
2
34
]
+
s23
s12s13
[s14 + 2s24 + s34]
+
s13
s12
− 1
s12s34s134
[
− 2s14s223 + 2s14s224 + 2s214s23 + 2s214s24 + s23s224
+s223s24 + s
3
23 + s
3
24
]
+
1
s12s34
[
2s13s14 + 4s13s23 + 3s13s24 + 2s
2
13
– 35 –
−s14s23 + 4s214
]
+
1
s12s134
[2s14s24 − 4s23s24 − s23s34 − s24s34]
+
s12
s34s134s234
[−2s12s14 + s212 + 4s14s24 + 4s214 + 4s224]
+
s12
s134s234
[−6s14 − 6s24 + 3s34] + 2s
2
12s14s24
s234s134s234
+
1
2s13s24
[s12s34
−s14s23] + s24
s13s34s234
[
2s12s24 + s
2
12 + 2s
2
24
]− 1
s13s34
[
2s12s23
−2s12s24 − s212 + 2s23s24 − 2s223 − 2s224
]
− s34
s13s2134
[
2s12s23 + 2s12s24
−s212 − 2s23s24 − s223 − s224
]
− 1
s13s134s234
[
− 6s12s24s34 + 4s12s224
+3s12s
2
34 + 3s
2
12s24 − 3s212s34 − s312 + 3s24s234 − 4s224s34 + 2s324 − s334
]
− 1
s13s134
[
− 8s12s23 + 4s12s24 − 4s12s34 + 4s212 + 2s23s34 + 6s223 + 2s224
+2s234
]
− 1
s13s234
[
4s12s24 − 2s12s34 + s212 − 3s24s34 + 4s224 + s234
]
− 1
s13
[2s12 − 2s23 + 2s24 − 2s34]− s14
s234s134
[
4s12s14 − 8s12s24 + 2s212
+4s14s23 + 4s14s24 − 4s23s24 + 4s224
]
+
s214
s234s
2
134
[
4s12s23 + 4s12s24
−2s212 − 4s23s24 − 2s223 − 2s224
]
+
1
s234
[
4s12s13 − 4s12s14 − s212
+4s13s23 − 2s13s24 − 2s213 + 2s14s23
]
+
1
s34s134
[
− 4s12s23 − 2s12s24
+5s212 − 8s14s23 + 6s14s24 + 6s214 + 6s223 + 4s224
]
+
1
s34
[2s12 − 2s13
−6s14] + 1
s2134
[
2s12s23 + 2s12s24 − s212 − 2s23s24 − s223 − s224
]
+
1
s134
[4s12 − 4s14 + 4s23 + 2s24 + 3s34]− 7
2
+ (1↔ 2 , 3↔ 4)
}
+O(ǫ),
(C.3)
where Q2 = s12+s34−s13−s14−s23−s24, s134 = s34−s13−s14, and s234 = s34−s23−s24.
This antenna is normalised to the matrix element squared associated to the process gg → H
which is given by ∣∣M02(gg → H)∣∣2 = 12(1− ǫ)Q4. (C.4)
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